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1. INTRODUCTION 
If one considers a slight isentropic disturbance of a fluid medium with 
density p = p,, + Sp, entropy S = S,, , where Sp is small, then the equations 
governing the resulting motion of the fluid medium in three-dimensional 
space are obtained from Euler’s equations of motion and continuity by 
neglecting the second order terms in Sp, u, ZI, w and their derivatives [l]. 
Euler’s equations then reduce to 
pvt + c,2vP = 0, pt + pv . v = 0, (1) 
where V = (u, v, w) is the velocity vector, and cs = c&a , S,) is the sound 
speed in the space X, y, z, and time t. Disallowing p = 0, system (1) may be 
simplified by putting h = c,, log p and replacing c,t by t. The system then 
reduces to: 
vt + VA = 0, A,+v*v=o. (2) 
Diaz and Landshoff [2] considered the Cauchy problem associated with the 
two-dimensional analogue of the system (2) of partial differential equations 
and gave an explicit solution for all values of time, both positive and negative. 
In [2] no direct appeal is made to the general theory of systems of partial 
differential equations with constant coefficients, as developed by E. Bareiss [3], 
F. Bureau [4], K. 0. Friedrichs [5] or J. Leray [6]. Diaz and Landshoff 
derived an explicit solution of the problem 
Ut + A, = 0, vt + A, = 0, 
At + % + vy = 0, 
4% Y, 0) = %(X, Yh v(wJ, 0) = V&Y>, +, Y, 0) = ho(% Y), (3) 
from the simple observation that each of the functions ut , vt , and h, satisfies 
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the wave equation. Hence, by writing down the solution to the following 
initial-value problem, 
Q(x, Y, 0) = F(xs Y), 
where 
fj$ (x, Y, 0) = G(x> Y>, 
a2 
one obtains, in principle, a solution of (3). In [2], Section 4, Theorem 3, it is 
proved that the solution to the initial value problem (3) is unique whenever 
the initial functions us(x, y), o&x, y) and h&x, y) are of class 8(x, y), and that 
such a solution exists if these initial functions are of class Ce(x, y). The 
purpose of the present paper is to treat the initial value problem associated 
with the system (2), i.e., 
v, + VA = 0, x,+v-v=o, 
V(& y, GO> = V&, Y, 21, w, y, %O) = ho(x, Y, 4 (5) 
and also solve problem (3) in a more direct and general manner which can be 
used in higher dimensions as well. It is to be observed that while the Diaz- 
Landshoff method may be improved slightly and extended to higher dimen- 
sions, our present method is simpler and gives results that are less restrictive. 
Let us note that problem (3) is a special case of (5) in which V = (II, o, 0), 
and V and X are functions of (x, y, t) only. Hence by deriving a solution of (5) 
one can easily obtain a solution of (3) also, either by using a similar reasoning 
or by applying the method of descent due to J. Hadamard [7j. 
2. VIBRATING MEMBRANE 
Consider the determination of the deflection of an infinite vibrating mem- 
brane. Mathematically this is equivalent to determining the solution of the 
Cauchy problem: 
q 2w =o 
W(G Y, 0) =f(x, Yl'), g 6% 35 0) = g@, Y>, (6) 
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where f and g are given functions. The solution to problem (6) is given by 
the classical formula of Poisson 
VI 
where h2 = ([ - x)” + (7 - y)a. Formula (7) is valid for t 2 0. The cor- 
responding initial value problem in three-dimensional space is 
w(x, y, 230) =f(4 y> z>, g (x7 Y, z, 0) = &Y, 4, 
where 
a2 
03 s -@ - ( 
a+&+-$), ax2 
and its solution is given by the classical formula of Kirchhoff 
(8) 
w(x, Y, XY t> = & j,,=,,j g(‘f’ :’ ‘) dS, + $ & j,.=,, j f tEY t”’ () dS, , 
(9) 
where r2 = (5 - x)” + (7 - y)2 + (5 - .z)~, dS, is the element of surface 
area of the sphere of radius r and center (x, y, z). Formula (9) provides a 
solution of (8) for t 2 0. For t = 0 the functions w as given by (7) and (9) 
are not even defined. Classically the solution of problem (6) as given by (7) 
is deduced from the solution of problem (8) as given by (9) by applying 
Hadamard’s method of descent [7]. Diaz and Landshoff [2] were first to give 
the following representation 
w(x, y, t) = & j; d0 j;zOg(x + ‘Rty:e$);2 tR sin ‘) R dR 
1 
s s 
2n dl-I 
l 
+z 0 
f (x + tR cos 0, y + tR sin 0) R dR 
R=o (1 - R2)1’2 
t 
s s 
2T dO 
1 
+x 0 
g(x + tRcosO,y + tRsinB) 
(1 - R2)1’2 
RdR (10) 
R=O 
for the solution of (6), where 
af 
Z - ax - af R cos I3 + g R sin 8. 
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They proved directly that (10) provides a solution of (6) for t 2 0, as well 
as for t = 0. For our future development the form (9) is put in the more 
convenient form: 
w(x,n~,t)=~~~d~l‘g(x+t sinecosv,y + tsinesinv,x + tcos8) 
0 
a t 2~ 
.sinl?dB+z4rr o 
s f 
dv )(x+tsinecosv,y+tsinesinv,z+tcose) 
. sin e d0 (11) 
or alternatively, 
4x, Y, z, t) = & 1: dp, l;g(x + t sinecOscp,y+tsinesinpa+tcose) 
. sin e de + & 
2s 
s s 
dv 
0 
lf(x + t sin e cos 9, y + t sin e sin v, z + t cos e) 
+ sin e d0 + & 
2s 
I s 
dy sinecosv,y + tsinBsinv,z+ tcos0) 
0 
. sin e dt?, (12) 
where 
af af af af 
at’& sin e cos F + - sin e sin v + z cos 8. aY 
Both representations (11) and (12) are defined for all t 2 0 and also t = 0, 
and it is easy to prove directly that each representation provides a solution 
of problem (8) for all t including t = 0, provided f E C3(x, y, z) and 
g E C2(x, y, z). Representation (10) of Diaz Landshoff may be obtained from 
(12) by Hadamard’s method of descent [7]. 
3. THE INITIAL VALUE PROBLEM FOR A SYSTEM OF EQUATIONS 
Consider the Cauchy problem (5). Let us consider the following new 
initial-value problem: 
V$ + VA = 0, U&=0, 
V(x, Y, z, 0) = Vo@, y, 4 = (110 , ql , wo) 
+, y, 29 0) = ux, y, 4, g (x, y, z, 0) = - v * Vo(x, y, 4, (13) 
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which we shall show to be equivalent to (5). We will prove the following 
theorems. 
THEOREM 1. If V, and A, are in C3(x, y, z), then (13) possesses a unique 
solution V and h such that V is in Cl(x, y, z, t), while h is in C2(x, y, z, t). 
PROOF. Since &(x, y, z) E C3(x, y, z), and - V * Va(x, y, z) is in 
cZ(x, y, .z), then it follows that h(x, y, x, t) is uniquely determined by (12) and 
is in C2(x, y, x, t). In fact X(X, y, z, t) is given by 
G,y,J%t) = --&j!)P,;v 
* V,(X + t sin 19 cos v, y + t sin 19 sin v, z + t cos 0) * sin ~9 d0 
+&f)+b,x + t sin 0 cos y, y + t sin e sin v,, 2 + t cos e) + sin e de 
+&~~4g~~(“f tsinf3cos~,y+tsinesin~,z+tcos6)~sinr3dB. 
(14) 
Substituting for h from (14) into the first equation of (13) and integrating 
with respect to the time from 0 to t, we find that V(x, y, z, t) is uniquely 
determined as follows: 
V(x, y, z, t) = V&, y, x) - ,: vqx, y, 2, T) dT. (15) 
It follows from (15) that V(x, y, z, t) E Cl(x, y, z, t), while the first equation 
of (13) shows that Vt(x, y, z, t) E P(x, y, a, t) also. In fact writing (15) 
explicitly one finds: 
V(x, Y, z, 0 = Vo(x, Y, 2) + 4 ,: 7 dT 1% 
x dv IT V[V . V,(x + TSineCOSp,yfTSindSingJ,z+TCOS~)] 
0 
- sin 8 de - -$ 
t 
s s 
2a 
dT 
0 0 
x dv j-” VXo(x + 7 Sin 8 COS 9, y + 7 Sin e Sin ‘p, z f 7 COS e) 
.sin8dB --j-~TdT~~ 
x d+$x+ TSineCOSp,y +TSineSinqbZ +TCOSe) 
- sin 0 de. (16) 
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THEOREM 2. V and h constitute a solution of (13) such that V E Cl(x, y, z, t) 
and h E C2(x, y, z, t) ;f and only ;f V and X is a solution of (5). 
PROOF. Let V and h be a solution of (13) with the postulated differentia- 
bility. To show that V and h provide a solution of (5) it suffices to show that 
x,+v*v=o. 
Now by hypothesis h satisfies 
q = 0, 
which may be written in the form 
g - v * (VA) = 0. 
Using (13), we obtain 
$ + v * (V,) = 0. (18) 
From the first equation of (13) we note that Vt E Cl(x, y, z, t), hence, 
V * (V,) E C(x, y, x, t) and evidently V * V E C(x, y, z, t), it follows by a well 
known theorem of H. A. Schwarz [S] that a/at (V * V) exists and 
$(V.V)=V.V,. (19) 
Equation (18) reduces to 
and because of the initial conditions in (13) this reduces to 
ht+V*V=O 
for all (x, y, z, t). Conversely, if V E Cr(x, y, Z, t) and h E cZ(x, y, Z, t) and 
constitute a solution of (5) then in order to show that V and h satisfy (13) 
it suffices to show that h satisfies the wave equation. Since Vt and At are in 
C’(x, y, Z, t), V * V and V - V, are in C(x, y, Z, t), it follows that (a/at) V * V 
exists and (19) holds. Differentiating the second equation of (5) with respect 
to the time and then using (19) one obtains 
i.e., 
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By using the first equation of (5) this reduces to 
a2h _ - v * (VA) = 0 at2 
I.e., 
q 3x = 0; 
the remaining equations in (13) are satisfied automatically. 
THEOREM 3. If V,(x, y, z) and h,(x, y, z) are in C~(X, y, z), then the 
Cauchy problem (5) possesses a unique solution V and h such that 
V E Cl@, y, z, t) and h E C2(x, y, z, t). 
PROOF. By theorem 1 the Cauchy problem (13) possesses a unique solu- 
tion V E Cl(x, y, z, t) and X E c’(x, y, z, t). By Theorem 2, V and h satisfy (5). 
The uniqueness of the solution follows from the fact that a solution V and h 
of (5) with the stipulated differentiability properties is a solution of (13) by 
virtue of Theorem 2 and hence it is unique by Theorem 1. 
4. APPLICATION OF THE METHOD OF DESCENT 
If one wishes to find the solution of the initial value problem (3) which Diaz 
and Landshoff have treated [2] then this may be obtained simply from those 
of (5) by Hadamard’s method of descent [7]. In fact if V,, = (us , w,, , 0) and 
V, and A,, are functions of (x, y) only, then Eq. (14) shows that X = X(x, y, t) 
and is independent of z, while (15) shows that V = (u, V, 0) and is a function 
of (x, y, t) only. The solutions of (5) as given by (14) and (15), or, alternatively, 
by (16), will reduce by means of appropriate transformations to: 
h(x, y, t) = - & 1”” de s’ 
V*V,(x + tRcos8,y + tRsin0) RdR 
0 R-O d/i=F 
&,(x + tR cos 0, y + tR sin 6) R dR 
- 
z(x+tR cose,y + tRsin8)RdR 
1/l -RIiz 
Y (20) 
W, y, t) = Vo(x, Y) - 1: Wx, Y, 7) dT, (21) 
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x V[V-V,,(x+TRcostJy+TRsin8]. RdR 
1 di=iF 
x v&(x + TR cosl?,y +TRsinl?)RdR 
1/l -R2 
V~(X+TR cos8,yfTRsint’)RdR 
X 
1/l--R2 
. (22) 
The functions V and X as defined by (20) and (22) solve (5) which in this 
case reduces to (3). We note finally that Eqs. (20) and (22) agree with the 
results given by Diaz and Landshoff [9], although require less restrictive 
conditions. 
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